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ORIGINAL ARTICLE

Cantor Set From a Nonstandard Viewpoint

Sebar Haji Jumha, Ibrahim Othman Hamad* , Ala Omer Hassan

Department of Mathematics, College of Science, Salahaddin University-Erbil, Erbil (Hawler), Kurdistan Region, Iraq

Abstract

This paper proposes a fresh perspective for visualizing the Cantor set and explores its shading characteristics through
the utilization of nonstandard tools and techniques. Our investigation reveals that the measure of the Cantor set is
infinitely close to zero but not identically zero, and we validate the properties of the Cantor set using an assortment of
nonstandard methodologies. These findings have far-reaching implications for enhancing our understanding of math-
ematical approximations and exact measurements. Furthermore, we correlate our nonstandard perspective outcomes
regarding the Cantor set with some specific applied models.

MSC: 26E35, 03H05, 97F70, 28E05

Keywords: Nonstandard, Cantor set, Infinitely close, Measure zero, Uncountable set

1. Introduction

N onstandard Analysis (NSA) constitutes a
mathematical framework that supplements

conventional mathematical principles through the
incorporation of alternative tools and methodolo-
gies. It serves as a facilitator for the substantiation of
classical theorems and findings. Simultaneously,
empirical research has demonstrated that nonstan-
dard concepts, while proven equivalent to their
standard counterparts, retain an inherent distinc-
tiveness. Abraham Robinson's development in
analysis revolutionized the field by introducing in-
finitesimals and unlimited quantities, there by
resolving the longstanding issue of the infinitely
small in Leibniz's definition of definite integral [1,2].
Robinson's achievement is a significant milestone

in the history of mathematics. Leibniz employed the
concept of infinitesimals indirectly in the formula-
tion of the derivative and integral. The incorpora-
tion of nonstandard methodologies in contemporary
mathematics has expanded the horizons for re-
searchers engaged in the exploration of innovative
mathematical domains. For more examples of this
see Tiwari and Giordano [3], Golbaltt [4], Qadir and
et al. [5], Hamad and Ismail [6], … etc.

The conventional formula for calculating the
measure of the interval I ¼ ða; bÞ denoted by mðIÞ, is
defined as follows:

mðIÞ¼
�
b� a if I ¼ ða;bÞ
0 if I ¼∅

This paper relies on the use of various definitions
and theorems, which are essential for the proper
understanding of the presented results. Below are
some of these definitions and theorems:

Definition 1.1. [7]
An element x2R* is

� Infinitesimal if jxj < r for all positive real r,
� Limited if jxj < r for some real r,
� Unlimited if jxj > r for all real r.

Lemma 1.2. [8]
In the hyperreal number system R*, the following
properties holds:
Let g and d be infinitesimals, x and y be limited, a
and b be unlimited (all in R*). Then

1. gþ d;gd;gx, and a�1 are infinitesimals.
2. dþ x; xþ y; xy, and x�1ðxs0Þ are limited.
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3. aþ b;ab, and d�1ðds0Þ are unlimited.
4. Every infinitesimal is limited.
5. Zero is the only standard infinitesimal.

Definition 1.3. [9]
For x; y2R*, we say x and y are infinitely close,
denoted by xxy, if x� y is infinitesimal.

Definition 1.4. [7]
Given a number x2R*, then monad ðxÞ ¼
fy2R* : yxxg.
Theorem 1.5. (Existence of Standard Parts) [9]
If r is limited hyperreal number, then there exists a
unique s2R* such that rxs. The number s is called
the standard part or (shadow) of r and denoted by
stðrÞ or or.

Definition 1.6. [1]
A collection of mathematical rules or expressions
that do not involve any new concepts or assump-
tions such as (standard, infinitesimal, limited, un-
limited, … etc.) are referred to as internal.
Otherwise, they are classified as external.
In 1977, Eduard Nelson [1] proposed a new structure
for the NSA based on the following three principles:
Transfer Principle (T) Let A be an internal formula
with the only free variables are x; t1; t2;…; tn. Then

cstt1…csttn½cstxA⇔cxA�:

The Idealization Principle (I) Let A be an internal
formula. Then

cstfinx0dycx2x0A⇔dycstxA:

The Standardization Principle (S) Let F be an in-
ternal or external formula with free variables z and
optionally additional variables. Then cstXdstYcstz
½z2Y⇔z2X∧FðzÞ�;
where the symbols; st, stfin are denotes to the terms
standard and standard finite respectively.
The Standardization Principle enables the definition
of standard subsets using standard elements. In
other words, it states that there exists a standard set
Y, such that a standard element z belongs to Y if and
only if it belongs to in X and FðzÞ holds. In the
context of nonstandard hyperreal numbers, open
and closed sets can be defined as follows:

Definition 1.7. [10]
Let ðX; dÞ be a metric space and E be a subset of X.
Assume that xxy if and only if dðx; yÞx0. Then

i. xst is limit point in E if y2E for some yx x and
ysx.

ii. x is nearly standard if dsty; xxy; y ¼ bA+
x.

iii. Est is compact if cx2E0dstxo2E; xxxo.
iv. Est is open if cstx2E and cxo; xoxx0xo2E.
v. Est is closed if cx2E and cst xo;xoxx0xo2E.

Definition 1.8. [8]
Let A* be a subset of R*. Then x2A* is said to be a
closure point of A* if and only if monad ðxÞ∩A*s∅.

Definition 1.9. [8]
Let A* be a subset of R*. Then x2A* is said to be an
isolated point of A* if and only if monad ðxÞ∩A*s∅,
while monad ðxÞ∩A*yfxg ¼ ∅.

Theorem 1.10. [11]
Every countable set has a measure of zero.

Definition 1.11. [12]
Given a set A3R, we say that A is nowhere dense, if
every open interval I contains an open subinterval
J3I, such that J∩A ¼ ∅. Alternatively, if int ðAÞ ¼ ∅,
where int ðAÞ is denoted to the interior of the closure
of the set A.

Theorem 1.12. [13]
If A is a closed and bounded subset of real numbers,
then A is compact.

Definition 1.13. [13]
A set A3R is perfect if and only if it is closed and
does not contain any isolated points.

Lemma 1.14. (Robinson's Lemma) [4,14]
If fangn2N is an internal sequence of real numbers
such that anx0 for all n2N then there exists un-
limited u2N* such that anx0 for all n � u.

Theorem 1.15. (Robinson's characterization of
compactness) [2]
K is compact if for all p2K* there is q2K with pxq.

Definition 1.16. [15]
A nonempty set C*3R* is Cantor set if and only if C*

is perfect and nowhere dense.

2. Nonstandard structure of cantor set and its
properties

LetU be an open set in the hyperreal number space
R* introduced by finite or infinite sequence of
disjoint open intervals fJng consisting of rational
numbers, that is U ¼ S∞

n¼0 fJng, and if necessary,
assume that Jn ¼ ∅ for sufficiently large (unlimited)
n. We denote the measure of an interval J, if it exists,
by mðJÞ. Consequently, the measure of an interval U
can be defined as mðUÞ ¼ P∞

n¼0 mðJnÞ, provided that
the sum on the right-hand side is exists. It is possible
to utilize Transfer Principle to define the measure of
mðUÞ in R*. By allowing 3 to be infinitesimal and k to
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be a unlimited positive integer, we can express U as
the sum of U1 and U2, where U1 ¼

Sk
n¼0 Jn is the

union of a finite sequence of open intervals, and the
measure of U2 ¼

S∞
n¼kþ1 Jn is infinitesimal, which is

equivalent to mðU2Þx0. Traditionally, the Cantor set
is defined as a subset of the closed interval ½0; 1�.
However, in a broader context, the Cantor set can be
defined as a subspace of R with remarkable topo-
logical characteristics. Specifically, the Cantor set is a
totally disconnected, compact, metrizable, and un-
countable space. The construction of the Cantor set
involves iteratively removing the open middle third
from a closed interval, followed by removing the
open middle third of the two remaining intervals,
and so on. Geometrically, the Cantor set can be
visualized as the result of continuously removing
parts from a set.
This paper aims to present an alternative

nonstandard approach for defining and under-
standing the properties of the Cantor set. The
traditional approach of the variety method is limited
in its ability to fully describe the Cantor set. By uti-
lizing nonstandard analysis, we can provide a more
comprehensive and precise representation of the
Cantor set and some of its characteristics. Let ½0; 1�*
be a unit closed subset of R* represent the
nonstandard extend of the classical unit closed in-
terval ½0; 1�⊆R. Let C*

o ¼ ½0; 1�* and define C*
1 ¼�

0; 13
�*∪�23; 1�*. Then C*

1 ¼ C*
oy

�
1
3;

2
3

�*. Next C*
2 is

derived from C*
1 by removing the open middle thirds

from
�
0; 13

�* and
�
2
3; 1

�* to get C*
2 ¼ �

0; 19
�*∪�29; 13�* ∪�

2
3;

7
9

�*∪�89; 1�*. In general by the results given by
Pawłowiczin in [16], we obtain that for all i2 N*,

C*
i ¼ S2i

n¼1 ½lni ; rni �*, where lðnÞi ¼ aðnÞi
3i ; r

ðnÞ
i ¼ aðnÞi þ1

3i , and

aðnÞi are given by the recursive formula að1Þo ¼ 0;…;

aðnÞiþ1 ¼ aðnÞi ;…; að2
iþnÞ

iþ1 ¼ aðnÞi þ 2� 3i; n ¼ 1; 2;…; 2i,
and C*

i is the union of 2i pairwise disjoint closed sets
for all i2N*. It's obvious that C*

oIC*
1IC*

2I/. We
define the nonstandard Cantor set to be C* ¼ T

i C
*
i ,

i2N*, with the measure of every disjoint closed set
equal to 1

3i for all i2N*. The general form of
nonstandard Cantor set sub intervals at unlimited
iterative index u will be equal to the collection��
0; 1

3u
�*
;…;

�
1� 1

3u; 1
�*�, with each interval having an

infinitesimal measure. Therefore, C*
u ¼ �

0; 1
3u
�*∪ ;…;S�

1� 1
3u; 1

�*.
The classical definition of the Cantor set is C ¼T∞
i¼1 Ci. Robinson's lemma 1.14 assert that there

exists an unlimited u2N* such that C* ¼ Tu
i¼1 Ci

*.

The following are some nonstandard treatments of
Cantor set.

Theorem 2.1. Cantor set is nonempty set.

Proof: Let C*
i , for all i2N* be the closed sets previ-

ously defined. Given that C* ¼ Tu
i¼1 C

*
i , then C*

contains all the boundary points of infinite union
closed sets. For instance, when C0

* ¼ ½0; 1�* and

C*
1 ¼ �

0; 13
�*∪�23; 1�*, we observe that 0; 13;

2
3; 1 belong to

both sets. Moreover, C*
oIC*

oIC*
2I/ Additionally,

Ci
* is the union of 2i pairwise disjoint closed sets for

all i2N*, and we see that C*
i ¼

S2i
n¼1 ½lni ; rni �* for all

i2N*, which contains all the boundary points of C*
i .

Hence, C* is not empty set.

Theorem 2.2. Cantor set is closed set.

Proof: The set C*
u is obtained by removing u open

intervals from C*
u�1. Since C* ¼ Tu

i C*
i , for unlimited

index u2N*, then to prove that C* is the closed set,
we start with the set C*

o ¼ ½0; 1�*. Now for all
x2½0; 1�* and any standard xo such that xoxx, we
have xo2½0; 1�*. Thus, C*

o is closed in R*. Similarly,
we can prove that the intervals

�
0; 13

�
;
�
2
3; 1

�
;

/;
h
1� 1

3i; 1
i*

are closed. It follows that for all i2N*;

Ci
* ¼ S2i

n¼1 ½lni ; rni �* is closed. Therefore, C* ¼ T
i C

*
i is

closed.
Nonstandard analysis provides a significant advan-
tage in studying the Cantor set by enabling an ac-
curate determination of the set's actual measure.
The measure of the Cantor set is an infinitesimal
quantity that is not identically zero. The following
theorem illustrates this fact.

Theorem 2.3. The measure of Cantor set C* in R* is
infinitesimal. That is mðC*Þs0.

Proof: Given that C*
i is a union of 2i pairwise disjoint

closed sets for all i2N* with a measure of each
disjoint closed set being 1

3i, it follows that C*
u can be

seen as a set with infinitesimal distance. Therefore,
mðC*Þ ¼ P

i2N* mðC*
i Þ. By reversing the index

arrangement of each C*
i up to an unlimited index u,

we obtain u-subintervals of measure 1
3uþ1, without

loss of generality, we have mðC*
i ÞxmðC*

iþ1Þ for i ¼ u;

uþ i;uþ 2;….
This result indicates that mðC*ÞxP∞

i¼u mðC*
i Þxu 1

3u.
But

u
1
3u

¼u

	
1
3


u

¼ue
uln

	
1
3



¼ue�uln ð3Þ ¼ue�ut¼ u

eut
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where t¼ ln ð3Þ. Mention that the Taylor series for
eut is

eutx

"
1þutþðutÞ2

2!
þ…þðutÞi

i!

#

xu

�
1
u
þ tþut2

2!
þ…þui�1ti

i!

�
Since u is unlimited, then by Lemma 1.2 (1), we

have 1
u
is infinitesimal.

Therefore, eutxu
h
t þ ut2

2! þ … þ ui�1ti
i!

i
.

Since t¼ ln ð3Þ is appreciable, then
h
tþut2

2! þ…þui�1ti
i!

i
is become an unlimited quantity greater than u,
represented it by u*, hence eutxu,u*. Conse-
quently, u

eutx
u

uðu*Þ ¼ 1
u*, which is an infinitesimal.

Therefore, mðC*Þ ¼ P∞
i¼u mðC*

i Þx u
eutx

u
uðu*Þ ¼ 1

u*x 0.
In conclusion, the measure of the Cantor set C* is
infinitesimal not identically zero. Thus mðC*Þs 0.

Corollary 2.4. Cantor set is uncountable set.

Proof: By Theorem 2.3 the measure of the Cantor set
C* in nonstandard sense is infinitesimal not identi-
cally zero and then by Theorem 1.10, we conclude
that the Cantor set is uncountable.

Theorem 2.5. Cantor set has no isolated points.

Proof: We need to prove that every element in the
Cantor set is a closure point. This means we have to
show that for any x2C*, monad ðxÞ∩C*yfxg is non
empty set. It is clear that monad ðxÞ∩C*s∅ for all
x2C*. Using Definition 1.7 (ii) and take x; y2 C*

such that x ¼ 0 and y ¼ 1
3u2C* where u is an un-

limited natural number. Therefore, 1
3u2

h
0; 1

3u�1

i*
3C*.

Subsequently, monad (0)
Th

0; 1
3u�1

i*
s∅. Hence,

monad ð0Þ∩C*s∅. This assumption is repeated for
each x2C* in order to arrive at the conclusion that
monad ðxÞ∩C*s∅. Hence, x is not an isolated point
in C*.

Theorem 2.6. Cantor set is nowhere dense.

Proof: According to Theorem 2.2, the Cantor set is
closed set. Therefore, C* ¼ C*, and by Theorem 2.3,
we have mðC*Þx0, then we conclude that mðC*Þ ¼
mðC*Þx 0. Hence, mðC*Þx0, indicating that C*

cannot contain a standard open interval. Therefore,
int ðC*Þ ¼ ∅. Hence, C* is nowhere dense in ½0; 1�*.
Theorem 2.7. Cantor set is a perfect set.

Proof: Using Theorems 2.2 and 2.5, we can conclude
that the Cantor set is a closed set without any

isolated points. Therefore, according to Definition
1.13, the Cantor set is a perfect set.

Theorem 2.8. The standardization of the Cantor set is
closed set.

Proof: According to the Standardization Principle
(S), it is essential to demonstrate that ðC*Þst ¼T∞

i¼0 ðC*
i Þst, for all i2N*. Let C*

o ¼ ½0; 1�*. Then, by
Definition 1.7 (v), if x2½0; 1�* and a standard xo such
that xoxx, then xo2½0; 1�*. Since ðC*

0Þst is closed, we

conclude that ðC*
1Þst is also closed. Assuming that

C*
1 ¼

�
0; 13

�*∪�23; 1�* is closed, it follows that for any
x2C*

1 and any standard xo, if xoxx, then xo2C1
*. By

repeating this procedure up to the u-step, we find
that ðC*

uÞst ¼ Su
i¼0 ðT*

i Þst, where all T*
i are closed in

R* for all i2N*. Thus ðC*
uÞst is closed. Consequently,

ðC*Þst ¼ T∞
i¼0 ðC*

i Þst; i2N*, is closed.

Lemma 2.9. Cantor set is compact set.

Proof: Nonstandard Cantor set C* is bounded due to
the fact that C*3½0; 1�* and is closed by Theorem 2.2,
so it is compact by the Transfer Principle (T) and
Theorem 1.12.

Theorem 2.10. The standardization of Cantor set is
compact.

Proof: The Cantor set C is a standard and compact.
According to Theorem 1.15, for any x2C*, there
exists xo2C such that xoxx. The task now is to show
that whether xo2C*. Theorem 2.8 proves that ðC*Þst
is closed, and by Definition 1.7 (iii), we obtain that
for any x2C* and any standard xo such that xoxx
must xo2C*. Thus, C*st is compact.
The following theorem is a nonstandard and
modified version of the famous theorem known by
Cantor-Bendixson theorem [17, Theorem 4.1], [18].
Our result is built up to only uncountable condition.

Theorem 2.11. A set A*⊆R* contains a Cantor set if
and only if A* contains a closed and uncountable set.

Proof: Let A* include a Cantor set, say as C*. Then by
Theorem 2.2 and Corollary 2.4, we conclude that C*

is closed and uncountable.
Conversely, assume that A* contains a closed and
uncountable set F*, then by Cantor-Bendixson the-
orem [17, Theorem 4.1] the set F* is contain a perfect
subset, say as P*. Then we have the following two
cases:
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Case 1. If P* not contains an interval, then int ðP*Þ ¼
f. Hence, P* is a Cantor set, by Definition 1.16.

Case 2. If P* contains a nonempty interval, say as
Ir ¼ ðx� r;x þ rÞ; r2ðRþÞ*, then Ir⊆P*. Let C* be the
Cantor set constructed by third middle part removal
process of the closed of the closed interval

�
x� 3

3;x þ
3
3

�
, where 0< 3< r. Then C*3

�
x� 3

3;x þ 3
3

�
3 Ir⊆ P*3

F*3A*⊆R*:
Hence, we proved that the set A* is contain a Cantor
set C*.

Corollary 2.12. If the set A*⊆R* contains a closed and
uncountable subset, then A* necessarily include an
infinitesimal closed subset, which includes a Cantor
set.

Proof: By the converse part of Theorem 2.11 the set
A* contains a perfect subset P*. Assume that
int ðP*Þsf, for all x2int ðP*Þ there exist BrðxÞ⊆ P* for
standard or nonstandard real number r. Consider
unlimited real number u and take 3 to be infinites-
imal real number such that 3 ¼ r=u in case r is
standard, or 3 ¼ 1=r in case r is unlimited and r > u.
Let C* be the Cantor set constructed by third middle
part removal process of the closed interval

�
x� 3

3;x þ
3
3

�
.

Then C*3
�
x� 3

3; x þ 3
3

�
3BrðxÞ⊆P*3F*3A*⊆R*:

Hence, we prove that the set A* is contain an
infinitesimal closed subset

�
x� 3

3; x þ 3
3

�
, which in-

cludes a Cantor set C*.

3. Technical applications

Though Euclidean geometry proves highly effi-
cacious in delineating elementary objects charac-
terized by idealized shapes, such as cubes, cones,
and cylinders, it encounters limitations when
applied to the intricate and irregular structures
prevalent in the real world. Complex entities, such
as particles undergoing Brownian motion in a fluid,
the coastlines of islands, the surface area of the
human lung, and the diverse morphologies of nat-
ural phenomena like trees and clouds, Plasmons,
strange attractors of nonlinear dynamical systems to
the distribution of galaxies in the universe, and the

distribution of the number of links within web
pages. Defy accurate description through classical
Euclidean geometry, see Fig. 1. Consequently, the
study of such intricate structures has given rise to a
burgeoning mathematical discipline known as
fractal geometry. A phenomenon considered as
Mandelbrot explained it is his paper [19].
Fractals, in essence, manifest as perpetually

evolving patterns, exhibiting infinite complexity and
self-similarity across diverse scales. Their genesis
involves the iterative execution of a fundamental
process within an incessant feedback loop. Geomet-
rically, fractals occupy an intermediary dimension-
ality, transcending our conventional spatial
frameworks. Crucially, fractals are not confined
solely to natural occurrences; they can be deliber-
ately synthesized through human made.
It is indeed accurate that self-similarity in fractal

geometry, while theoretically infinite, is practically
limited by the resolution and precision achievable
in empirical observations and simulations. In our
discussion of the Cantor set and other fractal
structures, we acknowledge that the degree of self-
similarity that can be observed and utilized in real-
world applications is finite, often constrained to a
few iterations. This limitation arises due to physical
and technological constraints in measurement and
computation. Regarding the application of fractals
in; Classical or Quantum Mechanics, Music,
Brownian Motion, Links on the WWW, …etc. We
concur that the precision of experimental data is
restricted to a finite number of decimal places. This
constraint impacts the extent to which fractal
analysis can be applied. However, the utility of
fractal geometry in these fields lies not in achieving
infinite precision but in providing a robust frame-
work for modeling and understanding complex,
irregular phenomena that traditional Euclidean
geometry cannot adequately describe. The role of
nonstandard analysis in these practical models will
be take its strong effect by applying Robinson's
Lemma (Lemma 1.14) to increasing the iteration
from finite n to unlimited index.
The Fractals method has proven to be efficacious

in investigating a myriad of challenges across dis-
ciplines such as Physics, Mathematics, Engineering,

Fig. 1. Some samples from the nature of fractal geometry.
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Finance, and Biology, for more details see [20].
Notably, fractals have been applied to diverse phe-
nomena, such as mentioned before, one of the ex-
amples of applying fractals on Cantor set, see
Ziemkiewicz and et al. [21]. These entities can be
meaningfully analyzed and understood through the
lens of fractal geometry. Fractals gives us a quanti-
tative language to describe the myriad of self-
similar shapes found in the natural world, extra
examples can be found in Micheel [22]. One of the
simplest instances of a fractal is the Cantor set,
recognized prior to the formulation of the term
“fractals” even emerged [23]. The Cantor set,
initially conceived purely under mathematical
investigation, has now garnered recognition in the
realm of mathematical analysis and its practical
applications. This is evident in works by Devaney
[24], Hutchinsion [25], Schoenfeld and Gruenhage
[26], and Maendes [27]. Among various applications,
it holds significance in the realm of dynamical sys-
tems, as demonstrated, for instance, by the work of
Horiguchi and Morita [28]. The subsequent exam-
ples present applications models where we contend
that the results obtained in our paper, employing
nonstandard tools associated with infinitesimal
measure, aptly conform to the behavior exhibited by
nanoparticles in nanostructures, notably within the
last two models.

3.1. Musical melodies notes

First, we need some fundamental musical termi-
nology that is currently prevalent and essential for
our exploration, see [29].

1. Canon. In the realm of music, a canon refers to a
compositional technique rooted in counterpoint.
It involves a melody accompanied by either one
or more tradition of the played melody after a
specified duration.

2. Dux. The opening tune, recognized as the leader
or dux, takes the forefront in this musical context.

3. Bourr�ee. A bourr�ee, found as an optional portion
in classical dance suites, is a movement crafted
by composers such as J.S. Bach, Handel, and
Chopin. Interestingly, these compositions
weren't necessarily created for dance.

4. Ostinato. Ostinato, derived from the Italian word
signifying obstinate or persistent, is a musical
term denoting a brief musical phrase or rhythm
persistently repeated. This pattern may endure
throughout an entire piece or be confined to a
specific section. The defining characteristic of an
ostinato is its persistent repetition within a
musical composition.

5. Pitch. Musical notes are associated with specific
pitches, which represent the highness or
lowness of a sound. The pitch of a note is
denoted by letters from A to G, and it may be
modified by accidentals (sharps or flats).
Changes in pitch direction contribute to the
overall shape and character of the melody.

6. Duration. Each note has a specific duration,
indicating the measure of time it is played. Note
durations are expressed using symbols such as
whole notes, half notes, quarter notes, eighth
notes, etc.

7. Rhythm. The arrangement of notes in time cre-
ates rhythm, influencing the flow and feel of the
melody.

8. Melodic Contour. The sequence of ascending,
descending, or repeating pitches creates the
melodic contour.

To comprehend some of the musical concepts, we
can explore the well-known song {Fr�ere Jacques,} a
French-origin nursery rhyme available at https://
www.youtube.com/watch?v¼BC6rvbxdywg. When
played in a different tonal range, it is referred to as
the follower or counterpart. The follower mimics the
leader, replicating its rhythms and intervals precisely
or undergoing some form of transformation. Below,
we present two musical samples for illustration.
Canons and Fugues: Prominent applied examples of

fractals act in music are apparent in canons and
fugues. Within a canon, in fact, fractals appear as
precise duplicates or altered renditions of the initial
musical composition. As an example, we analyze the
initial bourre�e from Johann Sebastian Bach's Cello
Suite No. 3. According to Harlan J. Brothers [30], the
initial bourre�e in Cello Suite No. 3 stands as an
illustration of structural resizing concerning
phrasing (see Fig. 2 and https://www.youtube.com/
watch?v¼xR4IElye7eg). These phrasing elements
can be conceptually compared with the Cantor set.
In the initial 16 bars of the compilation, there are
note sequences displaying a distinct relational
pattern, following an A-A-B structure In this
context, portion B is twice the duration of portion A.
This musical arrangement, the inherent struc-

tured layering within the AAB sequence (short,
short, long) is effectively portrayed through the
application of a Cantor set map. Each A section,
following the AAB pattern, is intricately structured.
Illustrated in Fig. 3 is a function detailing the initial
16 point-measures of the composition. The red
sections symbolize 4 beats (2 measures) each, the
blue sections signify one beat, and the yellow sec-
tions represent 1=4 beats (8-th notes). White sections
encompass all elements beyond the scope of a
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concise phrase at each measurement scale. This
visualization not just clarifies the fundamental
framework of the piece but also reveals the
comparative occurrence of its essential components.
It especially becomes apparent that, over various
stages, when the concise portion extends by a
multiple of 4, its occurrence diminishes propor-
tionally by half.
Figure 4 provides an exemplification employing a

motif consisting of two notes and two rests, chosen
to emulate the Cantor set construction. The explo-
ration of nested sequences possessing a fractal
dimension greater than one aligns with the musical
analogy of the Koch Curve. An adapted variation is
formulated, where each note within the original
three-note motif is systematically replaced by three
notes, each having half the duration of the original.
This gives Do ¼ ln ð3Þ

ln ð2Þx1:58.
Solo Piano P�o: “P�o” (2008), a solo piano composi-

tion named after the Portuguese word for dust,

two-dimensional Cantor set and we denoted it by
2D-Cantor set, stands as another instance of a
musical work explicitly grounded in mathematical
processes. The conceptual framework of “P�o” is
derived from the geometric structure recognized as
the Cantor set (see Fig. 5).
With greater precision, “P�o” is structured in

accordance with the Cantor set ternary, a geometric
arrangement formed through the systematic elimi-
nation of the middle thirds within a series of line
portions. This process is reiterated until the portions
reach a diminutive scale (infinitesimal) akin to that
of 2D-Cantor set particles, providing a substantive
rationale for the nomenclature of the composition.
In “P�o”, the spatial configuration of the Cantor set

is communicated through a succession of musical
events. This sequential presentation enables the
listener, relying on their musical memory, to envi-
sion the gradual unfolding of the Cantor set's visual
representation. Simultaneously, both complete and
incomplete renditions of the set's spatial structure
are evident within the musical score. Through
repeated exposure and a discerning musical mem-
ory, listeners who have observed the score may
eventually transfer their visual impressions of the
Cantor set into auditory references as well. Given
that the piano operates predominantly within the
chromatic space concerning pitch, the foundational
materials for “P�o” were derived from the twelve
notes constituting the chromatic scale. Notably, the
number 12 possesses the property of being a mul-
tiple of two, three, four, and six, rendering it
conducive to the systematic construction of various
layers within the Cantor set. Consequently, the
initial organization of pitch materials involved the
establishment of a twelve-tone row, with its diverse
forms serving as line portions of varying sizes. The
Cantor set, in turn, influenced the selection of the
fundamental cell that served as the origin for the
entire row. The conceptual approach involved
generating a twelve-note row derived from a tetra-
chord, as a pitch-class set of this magnitude can
equally divide a row into three portions, which is a
fundamental principle in constructing a Cantor set.
A distinct gesture, depicted in Fig. 6, serves as a

Fig. 3. The Cantor set mapping of the opening 16 point-measures
distinctly reveals the nested structure within the phrasing.

Fig. 4. The Cantor set map of the expected step of plying repeated
melody in a smaller duration with similar note in a fast rhythm, for
example see https://www.youtube.com/watch?v¼Ve3k0WfkFRA.

Fig. 2. The initial 16 measures of the first bourr�ee in Cello Suite No. 3.

110 S.H. Jumha et al. / Polytechnic Journal 14 (2024) 104e116

https://www.youtube.com/watch?v=Ve3k0WfkFRA
https://www.youtube.com/watch?v=Ve3k0WfkFRA


spatial metaphor for the Cantor set, comprising
three portions. The first and third portions are
identical, while the middle one is substituted by the
lowest cluster of the piano, it can be of infinitesimal
duration, in this case middle cluster can be replaced
by silence against an ostinato in the background.
The pitches in the first and third portions exhibit
symmetrical organization around an axis, and their
temporal unfolding towards a tritone bears a
resemblance to the process of eliminating the mid-
dle part of a line. Vertical rows, wherein the middle
part is excised, further contribute to this spatial
metaphor.
A gesture that offers a refined representation of

the Cantor set's geometry is delineated in Fig. 7.
Given the extensive nature of the diagram, we will
delineate its overarching contour and subsequently
amplify a delimited region to meticulously examine
its internal pitch structure. Each twelve-tone row is
interspersed with a portion of rests, with a duration
identical to that of the respective row. These rests
symbolize the omitted middle portion of the Cantor
set.
The repetitive recurrence of identical rows facili-

tates the listener in discerning the resemblance
among the melodic lines, thereby constructing an
auditory representation of the geometric structure
of the Cantor set throughout the work's duration. In

the final gesture of the composition, depicted in
Fig. 8, the initial twelve-tone row gradually di-
minishes, metaphorically signifying the dissolution
of a line into minute particles, akin to 2D-Cantor set.
The repeated time of melody in the next steps fol-
lows to the reciprocal measure of the area of the

Koch snowflake which is


2S2

ffiffi
3

p
5

��1
of the area of the

original triangle. Expressed in terms of the side
measure s of the original triangle.
With repeated listening and a discerning musical

memory, listeners who have encountered the
musical score can progressively translate visual
references to the Cantor set into auditory associa-
tions. Consequentially, as each tone row is inter-
spersed with a portion of rests matching the
measure of the respective row, symbolizing the
omitted middle portion of the Cantor set. This
procedure serves as a direct representation of the
Cantor set in the spatial domain. The repeated
recurrence of identical rows assists the listener in
discerning the similarity among the melodic lines,
facilitating the construction of an auditory repre-
sentation of the geometric design of the Cantor set
throughout the duration of the work.

3.2. DNA sequence

The coding sequences in DNA are construed as
interconnected clusters within a stochastic Cantor-
like set, with non-coding portions aligning with the
unoccupied regions of the same set. In the conven-
tional mathematical portrayal of a Cantor set, each
tier of repetition consists of discrete points (depicted
as dark or filled sites) interspersed with vacant

Fig. 5. Similarity of mathematical 2D-Cantor set and musical melody structure.

Fig. 6. Lowest cluster of the piano.

Fig. 7. Zooming of a specific region of musical gesture that represented by Cantor set's to its internal pitch structure.
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regions, where the quantity of vacant sites propor-
tionally correlates with the system's dimensions [31].
In the suggested explanation, the non-coding sec-
tions of DNA are set side by side with the empty
areas of a stochastic Cantor set, whereas the coding
pieces much up with the inhabited (occupied) lo-
cations, see Fig. 9.
All conventional fractals, whether deterministic or

random (excluding “fat fractals”), exhibit the
following shared characteristics:

� The mass, denoted as mðsÞ and representing the
number of filled sites within the fractal, scales
with the size parameter s according to a frac-
tional power law: mðsÞxsDF , where DF denoted
to the dimension of the factual.

� The concentration of the fractal decreases to zero
when moving towards greater measure scales.
This suggests that with an increase in the frac-
tal's measure, the vacant areas eventually
encompass almost the entire system, as
Takayasu explained in [32, page 127] and [20,
page 15].

One can then show that the size distribution of the
vacant regions, denoted as rðsÞ, adheres to a power
law distribution, specifically: rðsÞxs�DF�1 These
structural attributes typical of regular fractals are
similarly noticed in DNA chains of more advanced
eukaryotes. Specifically, the coding-portions exhibit
characteristics aligned with finite measure scales,
possessing well-defined average sizes and finite
moments, as explicated by Provata and Almirants in
their work [33]. Simultaneously, it has been shown
that the size distribution of coding portions con-
forms to distributions at short ranges, as indicated
in [17,34].
Conversely, the non-coding portions display mo-

ments depending on the system scale, becoming
unbounded for systems of unlimited dimensions.
The distributions of sizes within these non-coding

areas, also referred to as “dividers” due to their
function in segregating coding portions, exhibit
extended tails and conform to power laws, as
demonstrated in [17]. Inspired by the structural
similarities between Cantor-like sets and DNA
strands, the correlation between them is outlined as
below:

In essence, the regions without coding in a DNA
chain are linked with the unoccupied areas within a
stochastic Cantor fractal set, whereas the sections
with coding correspond to the filled (non-empty)
regions The sequences considered in this investi-
gation were selected according to the following
conditions: (a) Favoring entire organisms when
possible, (b) inclusion of thoroughly documented
sequences comprising a significant quantity of
coding and non-coding sections, and (c) choosing
sequences with the utmost achievable measure.
One of the nonstandard possible criteria for

selecting the sequence of DNA chain sequence is its
unlimited measure or, biologically speaking, an
unbounded size, see Fig. 10. Biologically, it is rela-
tively straightforward to identify sequences meeting
such criteria, as a regular fractal predominantly
consists of unoccupied regions, and the proportion
of occupied regions approaches infinitesimally as
the system scale becomes unlimited. In equivalent
terms, the noncoding regions (corresponding to

Fig. 8. Last gesture of “P�o” melody similarity to the fractal 2D-Cantor set.

Fig. 9. Random Cantor-like set representation of DNA. Fig. 10. Nonstandard possible criteria for selecting the sequence of DNA.

112 S.H. Jumha et al. / Polytechnic Journal 14 (2024) 104e116



unoccupied regions) are expected to encompass
nearly the entire genome, while the coding portions
should represent an exceedingly infinitesimal per-
centage of the total genome measure. This unique
characteristic is exclusively observed in more
advanced eukaryotes.
More than this, the rupture of the DNA sequence

is mainly due to protein base mismatch is also has
Cantor set structure and properties, Fig. 11.
In various dimensions, the diverse genome sizes of

DNA sequences exhibit a state of rupture, as Man-
delbrot given it in [19] The analysis of such ruptured
DNA sequences involves the application of the
Cantor set [33]. According to Theorem 2.7, the Cantor
set is both convergent and disconnected. The
different measures observed in a DNA sequence
converge due to the characteristics of the random
Cantor set. The Cantor set remains invariant under
homeomorphisms, using this fact and referencing to
Fig. 11, a ruptured DNA sequence is conceptualized
as a mapping, thereby satisfying the properties of
homeomorphisms. According to Theorem 2.7, the
DNA sequence is established as non-empty, perfect,
and closed. This DNA sequence inherently possesses
a Cantor set and exhibits characteristics of a fractal.
Let NðrÞ be the number of DNA clusters (2D-

Cantor remaining subsets) of size r needed to cover
all the coding parts of the chain. If Df is the fractal
dimension of the chain, then the number of DNA
clusters NðrÞ scales as NðrÞxr�Df .

3.3. Semiconductor materials

Fractal structures have become a focal point of
extensive investigation owing to their promising
applications in the realm of materials. Notably, the
extensively studied cases of smart materials with
fractal characteristics encompass self-replicating
patterns built upon nanoscale particles. Within this

class, self-replicating structures utilizing semi-
conductor and metallic nanoparticles are particu-
larly intriguing, chiefly because they can be
reproduced in laboratory settings.
However, existing methods for building structures

with similar patterns currently lack precise man-
agement or alteration of the specified characteris-
tics. As far as we are aware, electrodynamic trapping
remains the exclusive method for crafting a group of
nano pieces with a manageable distance between
particles and simply geometrically modifiable. An
electrodynamic trapping is defined as a setup of
electric poles (which physically known as electrode)
that produce rapidly oscillating electrical fields.
The organization of electrical potential in traps

involves intentionally designed wells for capturing
electrically charged particles. Consequently, elec-
trically charged particles are restricted close to the
position corresponding to the coordinate of the po-
tential minimum (refer to Fig. 12). Our attention is
directed towards electrode geometrical configura-
tions that can characterized as repetition of 2D-
Cantor and generalized 2D-Cantor set ðGn � 2DCÞ,
chosen for the simplifying their mathematical rep-
resentation. The fundamental self-quasi-electric
pole arrangement with two dimensional portions
can be articulated as a 2D-Cantor set.
Symbolizing the ith repetition of 2D-Cantor set,

the primary portion ð0th -repetition) adopts the
shape of a solitary square with sides of measure a.
Fig. 13 provides a Three-dimensional visualization of
the 2nd repetition of the surface snare, illustrating
the electric pole arrangement for the 2nd repetition
of 2D-Cantor set. Electric poles are highlighted in
pink color, and the first square-area is presented in
blue color. The assumption is made that the electric
poles are situated in xy - plane, region, while the z -
axis is orthogonal to, the electric pole surface, region.
In Fig. 13, a green dot signifies the origin of the axes.
At a high index level, the infinitesimal (nano)

representation of the electric pole surface will
manifest in forms that follow the 2D-Cantor set
construction (see Fig. 14).
The global fractal dimension for the generalized

Cantor Dust (GnCnD) takes the form
DðpÞ ¼ �2 log 2

log ð½1 � p�=2 where p is the iteratively deleted

interval. For the p ¼ 1/3 (canonical Cantor Dust), the
global fractal dimension is Dð1 =3Þ ¼ 1:26186, which
corresponds to the value D ¼ 2 log 2

log 3

The electrode configurations with the third itera-
tion for p ¼ 1=5, 1=10 and 1=50 are marked in light
blue in Fig. 14(a),(c),(e), respectively. The positions
of the potential minima are marked in colored dots
in Fig. 14.Fig. 11. Ruptured DNA sequence in different genome.
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As demonstrated previously, the electric pole at
the 0th repetition is a square, with a side measure of
' a'. The first electric pole arrangement that facilitates
stable particle confine is the 1st repetition,
comprising four squares, portion (highlighted in
blue color in Fig. 14(a)). The positions of minima
energy in the xy and xz planes are denoted by green
dots in Fig. 14(a) and (b), respectively. It is observed
in Fig. 14(a),(b) that the first repetition of the 2D-
Cantor set electric pole configuration features five
minima energy, represented by green dots. The
ratio of the base-sides of the secondand the first
order squares corresponds to the ratio of the electric
pole square portion sides of the 2nd and 1st repe-
titions, which is equal to 1=3 in the given model
shown in Fig. 14(c),(d).

The application of 2D-Cantor set structure in
nanostructures extends to the realm of silicon di-
oxide layers. Recent strides in nanotechnology have
highlighted the potential of nano-capacitors, utiliz-
ing densely packed interfaces and thin films [21], to
underpin the next generation of energy systems. A
method to realize such devices involves construct-
ing multilayer structures with a large (maybe un-
limited) surface area within the unoccupied space
within a nano structured template, employing
atomic layer deposition techniques. Goldhaber-
Gordon and et al. in their paper [35] showed that
this method holds the potential for scalability,
enabling the development of efficient energy
stocking systems distinguished by both elevated
energy density and high-powered density.
Mathematically, the self-similar behavior implied

by the 2D-Cantor set structure should maintain
consistency across all scales. However, in the actual
world, there exist inherent limits, both upper and
lower, beyond which such self-similar behavior is
applicable. Although, with using nonstandard
analysis technique, one can expected the unlimited
repetition of a nano-capacitor characterized by sili-
con dioxide layers deposited alternately, character-
ized by their widths that following a 2D-Cantor set
arrangement. As an example, the following

Fig. 12. Cantor set from normal size (first repetition) to infinitesimal (nano) size.

Fig. 13. The surface ion snare showcases a self-quasi-electric pole
arrangement for the second repetition of 2D-Cantor set. The measure of
the primary portion is labeled as “a”, and the electric pole vertices are
accentuated in pink.

Fig. 14. The positional values of the minima energy in the surface snare featuring 2D-Cantor set electric poles.
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Figure represents the conducted utilizing of the self-
consistent Schr€odinger-Poisson equations for nano-
capacitor and traditional circuit, which shows the
2D-Cantor set representation in its structures, as
depicted in Fig. 15.

To describe quantum capacitance using a com-
parable traditional circuit, it is crucial to conceive of
a hybrid quantum-traditional model organized in a
series-parallel arrangement (see Fig. 16). Nano-
capacitor with a 2D-Cantor set multilayered struc-
ture formed of silicon dioxide layers presents a
traditional and quantum behavior depending on the
2D-Cantor set generation.
The Cantor fractal structure sets a special model

for the total capacitance since the distance of the
insulator decreases d

3 for each generation. The total
capacitance per unit area for the zeroth Cantor
generation is given by Co ¼ 3r

3o
d , with d is the dis-

tance of insulator decreases and 3r ¼ 3:9 and CQi is
the quantum capacitance value of i Cantor set
generation.

4. Conclusions

This paper presents a novel perspective on the
Cantor set through the lens of nonstandard analysis,
employing infinitesimal measures to explore its
intricate properties. By extending the classical un-
derstanding of the Cantor set, we demonstrate how
its fractal nature, characterized by self-similarity,
can be rigorously quantified using nonstandard
tools. Our approach not only provides deeper in-
sights into the measure and dimensionality of the
Cantor set but also broadens the scope of fractal
geometry in modeling complex structures. The
application of infinitesimal measures opens new
avenues for analyzing phenomena that exhibit
fractal characteristics, thus enhancing our compre-
hension of both mathematical abstractions and real-
world systems.

5. Recommendations

5.1. Further exploration of nonstandard analysis

Researchers are encouraged to delve deeper into
nonstandard analysis and its applications to other

Fig. 16. (a) Hybrid traditional quantum circuit model for the first 2D-Cantor set nanocapacitor device generation. (b) Hybrid traditional quantum
circuit model for the second 2D-Cantor set generation. (c) Hybrid traditional quantum circuit model for nanocapacitor device with a Cantor multilayer
structure.

Fig. 15. Nano-capacitor and traditional circuit for the (a) 2D-Cantor set
zero repetition generation; (b) 2D-Cantor set first repetition generation;
(c) 2D-Cantor set second repetition generation; (d) 2D-Cantor set third
repetition generation; ….
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fractal structures. This approach may uncover new
insights and mathematical properties that are not
easily accessible through standard methods.

5.2. Experimental validation

We recommend conducting empirical studies to
validate the theoretical findings presented in this
paper. Applying infinitesimal measures to real-
world phenomena, such as nanoparticle behavior in
nanostructures, can provide practical evidence
supporting the utility of our approach.
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